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1 Introduction

A fundamental result of the Standard Model [1-3] is that the three lepton families couple
to the electroweak gauge bosons with the same intensity g, (¢ = e, u, 7). This property,
known as lepton universality (LU), has been tested in a large diversity of weak interaction
processes and most of the results are compatible with LU. However, a few anomalies
observed in semileptonic B meson decays [4] seem to indicate a persistent deviation from
the expected predictions. So far, such anomalies are not statistically significant enough to
claim evidence of new physics (NP), but these intriguing data have drawn the interest of
the particle physics community suggesting several possible explanations of NP. Then, one
of the most active tasks in both the theoretical and experimental particle physics program
is the study and review of all the different observables testing LU, including low-energy



precision probes using pion, kaons and tau leptons [5]. In this work, we test LU between
the second and third families of charged leptons through the ratio (P = 7, K) [6-11]

2
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where g, = gr according to LU, d R, p denotes the radiative corrections, and RS})P is the
leading order (tree-level) contribution given by
L1 ME (1= md/M2)?

(0)
R = — , 1.2
T/P QmZmP (l—mﬁ/m%)Q (1.2)

which is free from hadronic couplings and quark mixing angles.

The first estimation for 6 R, p including the complete set of real- and virtual-photon
corrections was reported more than twenty-five years ago in refs. [7-10], where the values
0R;/r = (0.16 £ 0.14)% and 6R,/x = (0.90 £ 0.22)% were given. Nevertheless, there
are important reasons to address this analysis again: the hadronic form factors modeled
in refs. [7-10] are different for real- and virtual-photon corrections, do not satisfy the
correct QCD short-distance behavior, violate unitarity, analyticity, and the chiral limit at
leading non-trivial orders; besides, a cutoff scheme was used to regulate the loop integrals,
separating unphysically long- and short-distance corrections. Furthermore, the uncertainties
given in refs. [7-10] are unrealistic, being of the order of an expected purely O(e?p?) Chiral
Perturbation Theory (ChPT) result (see e.g. the results in refs. [12, 13]).

Depending on the process at hand, different values of |g-/g,| can be found in the
literature:

L I(r = Pv:[y])/T(P — pvuly]) (P = 7, K). Using the values reported for dR./p
in refs. [7-10], the last HFLAV analysis [14] quoted |g/g,| = 0.9958 4 0.0026 and
|9+/9ul i = 0.987940.0063, at 1.60 and 1.90 of LU (1.40 and 2.00 in ref. [15], making
use of the PDG input [16]).

2. I'(t — everr[])/T(n — every[y]). This purely leptonic extraction gives |gr/gu| =
1.0010 + 0.0014 [14] (1.0011 = 0.0015 in ref. [15]), at 0.7 of LU.

3. I(W — 71v;)/T(W — pv,). The weighted average of the recent W-boson decay
determinations yields |g-/g,| = 0.995 4 0.006 [17, 18], at 0.80 of LU.

Thus, a new estimation of R,/ p is timely to solve these discrepancies.

In this work, we present a new one-loop analysis of 6R./p by following a large-N¢
expansion where ChPT is enlarged by including the lightest resonances and respecting the
high-energy behavior dictated by QCD [19-21]. On the one hand, P decays are analyzed
unambiguously by using the Standard Model (ChPT), being the estimation of the local
counterterms the only model dependence: they are determined by matching ChPT with this
large-No expansion. On the other hand, 7 decays must be scrutinized by using an effective
approach encoding the hadronization of the QCD currents, so the model-independent contri-
butions given by the point-like approximation are accompanied by the model- or structure-
dependent terms, which are calculated within the large- No expansion quoted previously.



Our new determination on 6R,,/p is used not only to test the LU in |g; /9ul, but
also to revisit the CKM unitarity test via |Vis/Vya| in T'(7 — Kv.[y])/T(7 — 7v.[y]) or
through |Vis| in I'(7 — Kwv-[7y]) [15] and to update the constraints on possible non-standard
interactions affecting this ratio [22-24]. Moreover, and as a by-product, we report the
theoretical radiative corrections in individual 7 — Pv,[y] decays.

This work is organized as follows. In sections 2 and 3 we briefly review the real-photon
and virtual-photon corrections to both 7 — Pv.[y] and P — uv,[y| decays, respectively.
Sections 4 and 5 present, in turn, the results and the phenomenology associated to the
observable 0 R, p. Finally, in section 6 we summarize the main conclusions of this work.
For completeness, some relevant expressions and details of our computation are collected
in appendix A. Appendix B shows a comparison between the results presented here and
refs. [7-10].

2 The 7 — Puv,[v] decay

At the Born amplitude level the 7 — Py, decay (P =, K) is given by
Mo = —=GpFpVyup Mru(q)(1 + v5)u(p-), (2.1)

where G is the Fermi constant at leading-order, fp = V2Fp (Fr =~ 92.2MeV and
Fx ~ 110MeV) is the meson decay constant, and V,p = V4 (Vys) is the CKM mixing
element for the pion (kaon) case.

At one-loop level, and in order to cancel the infrared divergences emerging from the
calculation, it is required to consider the decay including the emission of a real photon,
T — Puv;v. We follow here a fully photon-inclusive radiative decay,

T — Pv;[y] =7 — Pv; + 7 — Pu,y. (2.2)

Note that Lorentz invariance implies that higher order contributions are proportional to
the lowest order amplitude given by eq. (2.1).

2.1 Real-photon corrections

Let us start by considering the description of the real-photon corrections, for which, we
follow refs. [25-27]. The matrix element can be split as

M7 (pr) = P~ (p)vr(q)v(k)] = Mip, + MiB, + My + My, (2.3)

where Mg = M1, + Mjp, comprises the model-independent (structure-independent)
inner bremsstrahlung (IB) given by the radiation off the 7= and off the P~ meson. This
part can be derived from the QCD low-energy theorems assuming an elementary point-like
meson field with electromagnetic interaction dictated by the scalar QED Lagrangian [7-10].
In this case, the contribution of the seagull diagram (diagram (c) in figure 1) is fixed by
gauge invariance, in such a way that the sum of the diagrams (a), (b), and (c) in figure 1 is
given by

2p# 2p% — fy"

— —iGpVypeFpM,T ,ui(q)(1
Mig iGpVupeFp nt(g) (1 +75) 2p.k+l{;2+—2p7-k+k2

u(pr),  (24)




Figure 1. Feynman diagrams for real-photon corrections in one-meson tau decays. The first three
diagrams (a), (b), (c) stand for the inner bremsstrahlung contribution, which is model independent
(structure-independent). The gray box in diagram (d) represents the structure-dependent contribu-
tions including the vector and axial currents.

where I'), = —¢},(k) for an on-shell photon [25]. Alternatively, completely equivalent results
are obtained using Chiral Perturbation Theory [28-31], the quantum effective field theory of
QCD at low energies. Now, since the formalism preserves gauge invariance by construction,
the seagull contribution is computed from the chiral Lagrangian.

On the other hand, diagram (d) includes the vector and axial structure-dependent
contributions given by My + M4, which yield [25-27]!

My = —GrVupel” FE (W2, k) o k7 a(g)7" (1 — v5)u(py) (2.5)
My = iGFVuDeF”{Ff(WQ, k?) [(VV2 + k% —mP) g — 2kup,,}
— AL (KK g + AL (KK (p + k) o fi(@)7* (1 = 35)ulpr) (2:6)

where W? = (p, —q)? = (p+k)? is the momentum carried by the W propagator. At leading
order in the chiral expansion, the form factors A%’ (k?) and A (k?) are not independent and
can be written in terms of a single form factor B(k?) (identical for P = m, K at this order)
as follows [33]:

2B(k?)

Az (k%) = =2B(k?),  As(k?) = TWI 2

(2.7)

2.2 Vector and axial structure-dependent form factors

All the relevant model structure-dependent effects due to the QCD hadronization currents
are encoded in the FY' (W2 k?), FY (W2 k?), and B(k?) form factors. In this work, we take

! As already pointed out in ref. [25], there is a different convention for the definitions of the form factors
involved in egs. (2.5) and (2.6) with those reported in Decker and Finkemeier’s (DF) work [32]. Specifically,
FE W2 EHPE = 2mpFE (W2 k%), and F§ (W2, k*)PT = 2/2mpFY (W2, k?). Both references also differ
by a global —i factor which leads to a discrepancy for their estimations of the real-photon structure-dependent
corrections (drsp) to 7 — Pv,. In this work, we consider the expressions in ref. [25] as the right ones since
they were derived directly from the effective resonance lagrangian.



them from the Resonance Chiral Theory [19-21] computation in refs. [25-27], where the
resonance couplings contributing — upon integrating vector and axial mesons out — up to
the next-to-leading order chiral couplings in each parity sector were considered. Regarding
the vector form factors, they are given by?

1 No = 4F%2  ds(W?4k?)+dig3m?
L 2 1.2y _ O |4 ™
n 2V2Fy | c1256W 2 —c1235m2 — 125k _i_61256/<?2—01235771%—6125W2
My M2V M2 2 ’
(2.8)
FK(W2 ]{52): 1 B N¢ 2F‘2/[d3(W2+k:2)+d123m%(] 1 n 1
vt Fx | 24n2 M3, —W? M2—k2 " 3(M2—k?)
_ 2 2v2Fy c1a56W?2 — cragsm¥ —c1a5k? +24c4 A%
3(M3—k?) 3My My~ —W?2
n V2Fy (c1a56k? — cragsm¥ —c1a5W?) 1 n 1 B 2
My MZ—k?  3(M2—k?) 3(Mz—k?)| [’
(2.9)

where A%{ﬂ = m%{ —m2, Fy parametrizes the coupling of vector resonances to the vector
current [19-21], and My is the mass of the lightest multiplet of resonances in the 3-flavor
symmetry limit [My = M, (Mg-) ~ 770 (890) MeV for pion (kaon) case [34]]. Furthermore,
the following combinations of coupling constants have been used [35]3

C125 = €1 — C2 + C5,

C1256 = €1 — C2 — C5 + 2¢¢,

c1235 = €1 + ¢2 + 8¢z — s,

dyo3 = dy + 8dy — d3, (2.10)

in terms of the linear combinations of ¢; and d; couplings introduced (further details are
found in ref. [36]).
As far as the axial form factors are concerned, we start the discussion by recalling that

=1 —-1_  Fp

B(k*) = Fp 12 =2
Vv

(2.11)

with F{J™ =1 = F§K |1=1 neglecting isospin breaking effects [37] and My = M,. The
remaining axial form factors are

FTr(wQ k2) _ FV FV - 2GV _ FA FA @ FAFV )\Om72r — )\/k2 — )\,/I/I/2
A 2F, M2—k2 2F, M2 —W?2 ' F. M2 —W? M2 — k2 ’
(2.12)

Ideal w — ¢ mixing is assumed (expressions for the general case are given in refs. [25-27]).
3Their values will be discussed later, in light of structure-dependent constraints.



and

Koz 12 Fa Fy V2FEAFy Aom3 — Nk* = XN'W?  Fy (Fy —2Gy)
FEW? k) = - > 3 +
2Fy M3 — W2 2Fy MZ, — W2 AFg
1 11 2 1
- - : 2.1
X(Mg—k2+3M3—k2+3M;—k2> (213)

In addition to F4 (Gy), giving the coupling of an axial (vector) resonance to the axial
(vector) current [19-21], we used [38]

A A A
\/§A0:—<4)\1+)\2+24+)\5>, \/§X:(A2—A3+24+A5), X’:X+73§. (2.14)

In the form factors above, resonance propagators are short for the corresponding expressions

including (energy-dependent) off-shell widths, i.e. (M2 —z)~! — (M3 — 2 — iMglg(z)) L.

For the case of the p(770) meson this width is given by ref. [39] (op(z) = /1 — 4m% /)
xM,

L)) = oo {Q(x — 4m2)od(z) + %H(x _ 4m%<)0§((x)} , (2.15)

with analogous expression for the K*(892) [40]*

Cg+(z) = 2@&?2 [0 (ac — (my + mK)2) o3 (z)+0 (x — (mg + mn)z) U%n(x)} , (2.16)

where opg(x) = 2qpg(z)/+/x and

V@ = (mp +mg)?) (z — (mp — mg)?)
ap(z) = N :

(2.17)

A constant width will be used for the very narrow w(782) and ¢(1020) mesons, given by
the PDG value [16].

Off-shell a;(1260) width was computed in refs. [41, 42]. It includes the 37 [41] and
KK [43] cuts. Finally, the K; resonance will be accounted for following ref. [44]

€ O'%(p(l’)—kdz;’(*ﬂ_(l‘)

J%P(MIQQ L/H) + Ui’(*ﬂ'(M%ﬁ L/H) 7

FKlL/H(‘T) = FKlL/H 2 (2.18)

Kip/u

with the mixing scheme explained in this reference. To account for it, in eq. (2.13),
(Mg, = W?)™! — cos?04(Mf . — W?)~! + sin®04(Mg. . — W?)~!, with mixing angle
04 = [37,58]° and the light and heavy states with masses 1270 and 1400 MeV, respectively.
The couplings appearing in the F{;ﬁ(WQ, k?) form factors are not restricted by chiral

symmetry.® Fortunately, some of them are predicted by demanding the behaviour given by
the operator product expansion of QCD to the relevant Green functions [19-21, 36, 48-51].

“Here 73 was identified with the physical 7 meson for simplicity. The induced error is negligible.
®The B(k?) form factor has an appropriate high-energy behaviour, as the dispersive F§™|;=1 form
factor [37, 45] complies with the Brodsky-Lepage limit [46, 47].



We will consider two different approaches for this:

Scenario (a). We consider the two-pion vector form factor and the (axial-)vector two-point
Green functions. Then, the short-distance relations determine

FyGy =F?, F:-F3=F? F2ME=FiM5. (2.19)

As a first approach to our form factors, we will neglect the contribution from all other
operators (which is suppressed in the chiral expansion) and set all A;, ¢; and dj, couplings
to zero. Within this approach, demanding the QCD ruled short-distance behaviour to the
7 axial form factor (giving the m# — ~ matrix element) determines [19-21]

Fy = V2F,, GV:\];%, Fy=F;. (2.20)
The relation M4 = v/2My, coming from the 2nd Weinberg sum rule [48] (the last constraint
in (2.19)) and these relations, should be understood as applying to the lowest-lying large- N¢
axial mass when all other multiplets (an infinite number of them for No — oo [52, 53]) are
neglected, and does not correspond to the physical value of the a;/K; mass [54], that we
will use instead. Using these relations (and all other couplings vanishing), we will employ
the form factors

~Ne
24m2Fp’

_ _ _F2
FR(W2, k) = B (w?) = 4 (2.21)

FP 2 ]{52 :FP: _
V(Wa ) \%4 2FP(M31—W2)’

as first approximation (which we indicate with a bar in these form factors), where My =
M,(Mg~) and Mg = Mg, (Mg,) for P = n(K).

Scenario (b). In a more refined analysis (in which the form factors will be tilded) we take
into account the short-distance constraints corresponding to the analysis of the two and
three-point Green functions [19-21, 36, 49-51], yielding, for the couplings between a vector
and an axial resonance

N+ N P 2F? — F?
DA oS U A LS— (2.22)
4 22,/ F2 — F2 2V2Fy\/F2 — F2

Note that these expressions simplify when the constraint Fy, = /3F, [51] (coming from the
odd-intrinsic parity sector) is used. In fact, it modifies the relation (2.20) to

F
Fy =V3F,, Gy=-%, Fjy=+2F,. (2.23)
V3
Again the relation M4 = /3/2My, coming from the 2nd Weinberg sum rule [48] and these
relations, does not apply here, since we consider the physical values.
The consistent set of short-distance constraints in the odd-intrinsic parity sector

includes [50, 51]

Ne My F? Ne M2

_— - = d ==V
32v2m2F, 87 T 6an2F2

Fy =V3F;,.
SF‘%’ 14 \[

(2.24)

ci25 = 0, c1235 = 0, c1256 = —



Using the above equations, the F‘]/D (W2, k?) form factors read

. 1 N¢ AFE  d3s(W? + k?) + dygzm?
Fﬂ' W2 ]{?2 — e |4 s
PIVEED 3F,T{ s72 T MZ- W2 M2 — k?
2V 2 w2 k2
+ \f 1% 012256 . + 012256 . (2.25)
My |[M2-W?2 ' MZ2—k
and
2 2 2 2
Fé{(Wz,kz) _ i B N¢ 2FV [dg(W 2+ k ) + d123mK] 1 n 1
Fg 2472 Mp, — W2 M2 — k2 3(MZ—k?)

B 2 N 2V2Fy c1o56W? + 24, A%
3(MZ — k?) 3My Mz, — W?

2F k2 1 1 2
n V2Fy (c1256k?) Lo L : o (2.26)
My M2 — k2 3(M2—k?)  3(M—k?)

with Fy, cio56, di23 and d3 given by egs. (2.24). In this way, all relevant couplings are
restricted by short-distance constraints but c4. For this we will take ¢4 = —0.0024 £+
0.0006 [55] (see related discussions in refs. [56, 57] and references therein). Finally, and
considering (2.24), the chiral and U(3) flavor limits of F™ reads

—No M

ERE w2 k?) = : 2.2
Vo (WE) 242 Fp(k? — M2)(W?2 — M2) (2:27)

The common correction to the chiral limit result amounts to add to the numerator of the
previous expression +472F2m%. There is an additional correction for the kaon case, with

2 ~
a contribution of % to FE(W2 k?).

The Ff(Wz, k?) form factors also simplify using eqs. (2.22) and (2.23). Their chiral
and U(3) symmetry limits (that will be used in the virtual-photon corrections) read

Fp 1 2 W2 — 3k2

FP 21{;2:7 .
AWSE) =5 M2 — k2 Mg—W2+(M3—k2)(Mg—W2)

(2.28)

2.3 Virtual-photon corrections

Now, analogously to the 7 — Pv,~ decays, it turns out natural to study the virtual-photon
corrections to 7 — Pu, decays by separating their contributions into the structure-dependent
and structure-independent parts.

2.3.1 Virtual-photon structure-independent corrections

The virtual-photon structure-independent (vSI), also called point meson loops correction
(PML) in refs. [7-10], to 7 — P, are given by the Feynman diagrams depicted in figure 2.
By defining the ratio of each diagram in figure 2 with the Born amplitude in eq. (2.1) as



Figure 2. Structure-independent or point-like meson corrections to 7= — P~ v,. Notice that the
contribution of diagram (f) vanishes after the meson mass renormalization. A similar set of diagrams
also describes the virtual corrections to the P — uv, decays with the proper replacements dictated

by crossing symmetry.

IM; = M;/ Mgy where i = (a), (b),...,(e), we have that

SMy(m2, mb,m?) = % 3B + BY —2m2Cy + 2m2Cy — 2B —
o
SMy(mi, mp,m*) = — [1+2(B{ - By)|,
o r
SM(m3, mb,m?) = e _—ZBéD - Bﬂ ,
SM 2, 2 2_2_375) BF 2 (g'P _ gP
d(méampam)—ém 5 b1 +mp(By — B )|,
1
SMe(m?, mp,m?) = 2+B€+m§(436f+2315)} ,

and the total contribution is given by dMysr = > dM;:
i

20
KB{ )

(2.29)

3.3
5Mv81:a{ + BP_Bf+m%3(B{)P—BgP—201)—435—Bf+m§(36f+2315+200)},

4r )2 279

(2.30)

where Bf ’P, B*F and C; are the corresponding two- and three-point Passarino-Veltman

(2
loop functions,

0P 2 2 2
B = Bi(mZ,Pvmé,Pvm )

2,2 2

BP — 9B;(p ) My py T )

i apg ’

22
=—m
p 0P

2 2 2 .2 2
C; = Ci(mp,mi,0,mp, m*, my) .

(2.31)



Figure 3. Feynman diagram corresponding to the virtual-photon structure-dependent (vSD)
contributions to 7 — Pv, decays. The gray shaded box stands for the structure-dependent vector
and axial hadronic currents.

In the above expressions, m is associated to a photon mass that regulates the IR
divergences due to the photon propagator. Nevertheless, such divergent behaviour cancels
by adding to these virtual corrections the integrated rate for internal bremsstrahlung [7-10].

The above expression can be taken to the analytical form (r, = my/mp and p is the
dimensional regularization mass scale)

3 3 2 1472
6MVSI(m3,mfp,m2) = 4(;{ - iA + ilog% —4—4 [1 - :glogrg +1 logmﬁp
‘
1477 2 4r}
+21 —2 (logre)*+ | 5 — =12 logry ¢, (2.32)

where A = 24”74 /(4 — D) — yguler + log 47 captures the divergence in dimensional regular-
ization. It is important to mention that even though some of the individual contributions
in eq. (2.29) are expressed in a different way than those ones in refs. [7-10], we completely
agree with the total contribution given in eq. (2.32).

2.3.2 Virtual-photon structure-dependent corrections

Now, let us focus on the virtual-photon structure-dependent contributions (vSD). The
decays with an off-shell photon presented in section 2.2 define the form factors entering
the loops of the vSD contributions and the relevant diagram where one photon vertex is
attached to the 7 lepton (see figure 3), reads

dik o y
(2m)? k2[(pr+k)2 — MZ]
li€unok D (W2 B2) + F (W2 )M +2B(K)Aoa|,  (2:33)

iM[T = Pur]lusn = GrVupe? /

with the definitions

" = ()" (1 — ) [(pr +K) + Mz 7" u(pr),
)\1/,”/ = {(p + k)2 + kz — m??j| uv — 2k',upl/7
k

2 _ k2 (p + k)upu

NSy (2.34)

~10 -



After the loop integration, the amplitude for the vSD contributions can be conveniently
written as follows

M = Pu]|vsp = %GFVUD (fv + fa + f5) My a(q)(1+ v5)u(ps), (2.35)

where the fy, fa, and fp functions include the relevant one-loop contributions coming from
the Fy (W2, k?), Fo(W?2,k?), and B(k?) form factors appearing in the integral of eq. (2.33),
respectively. Then, analogously to the previous section by defining é Msp = Mysp/ Mo,
we have that:

dIMysp = (fv+ fa+fB). (2.36)

4F

In appendix A we present all the relevant expressions in the two scenarios studied in
section 2.2.

2.4 Total contributions

The total decay rate can be organized as:

3a
Lrpopy = 5(1)3)2 SEW{l + = G(mP/MQ)}{l - *1 g M, E +0rp|.gp + 0rp| SD} (2.37)

(0)

where I'75, is the rate in absence of radiative corrections,

2
G%|Vup|*F2 m?
0 rl1Vu P a3 P

being D = d, s for P = 7, K, respectively. Sgw = 1.0232 ~ 1 + 22 — log mi corresponds to
the (universal) leading short-distance electroweak correction [6] and it cancels in the ratio
R, p. The first bracketed term captures the universal long-distance pointlike correction and
will be reported later. In turn, the structure-dependent contributions have been split into
the real-photon (rSD) and virtual-photon (vSD) corrections coming from the amplitudes in
egs. (2.5), (2.6) and (2.35), respectively.

3 The P — pv,[v] decay

Regarding the real-photon corrections to P2 decays, they are completely analogous to
the radiative tau decays discussed before. Defining P~ (p) — p~ (p")v(k)vu(q), the matrix
element for the model-independent inner bremsstrahlung (IB) as well as for the vector and
axial structure-dependent parts are given by

Mg = —iGpVapeFpm,Ti(q)(1 + )[ A 2p/“—k”y“] @),  (3.1)
1B = G FpVyper'pmyl ,ulq 5 Wkt k2 2kt k2 vp ), .
My = GpVaupel” Fy (W2, k) epe kP p7 ()" (1 — v5)v(p') (3.2)

Ma = =iGpVupel” { Fa(W*, 12) [(W* + k* — m})gu, — 2kupy|
— Ap (k) gy + Aa(k?)K (p + k) by b @)y (1 = 35)0(p) (3.3)
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(P =) (P = K)
et —2.56 %+ 0.5, —1.98 + 0.5,

AP 524045, £001, | 434047, £0.01,
AP | 2105 £ 2.3, £ 053, | —4.73 + 2.3, +0.28,,
AP 1.69 +0.07p, 0.22 +0.01,

&P 0 (7.84+0.07,) - 102

Table 1. Numerical values for ¢ of (3.4) [12, 13] (cgp) from ref. [59]). The uncertainties correspond

to the input values L§(p = m,) = (6.9 +0.7) - 1073, v = 0.465 £ 0.005, and to the estimation of the

counterterms (m, from matching), affecting only cgp) and cép).

where W~ = (p' +q)? = (p — k)%. Now, crossing symmetry evidences the relation to the
T~ — Py, processes. Thus, the form factors in eqs. (3.2) and (3.3) are the same than
those in (2.5) and (2.6) by replacing W? — W (the Ag4(k?) functions are not affected).

Contrary to 7,90, inclusive P, decay rate can be analyzed unambiguously within
the Standard Model (Chiral Perturbation Theory), being the estimation of the local
counterterms the only model dependence. Therefore, and except for the estimation of the
local counterterms, only the low-energy limit of the form factors given in the previous
section are required. Similarly to (2.37), we follow the notation proposed in ref. [6] and the
numbers reported in refs. [12, 13]:

3 m
Lpyn = ED) SEW{1+ F( u/mp)}{l—ﬂlzlogmp

P
P4 m—i (c(P) log mﬁ’% +ei7 ) (m /mP)) - @ & log ﬁ (3.4)
1 m% 2 m;% 3 4 © m,% 2 mﬁ )

where again Spw = 1.0232 ~ 1 + 2% ]og % corresponds to the (universal) leading short-
distance electroweak correction [6]. The first bracketed term is the universal long-distance
correction (point-like approximation, originally calculated in ref. [58] and to be given later),
the second bracketed term includes the structure-dependent contributions and FE,S:Q is the
rate in absence of radiative corrections,

2 212 2\ 2
1“(0) _ GF|VUD| FP mp 2 < mﬂ) 7 (35)

(P)

being D = d, s for P = 7, K, respectively. The numerical values for ¢;;, ’ are reported in
table 1 [12, 13]. Note that the most important uncertainties come from the estimations
of the local counterterms, which were computed by matching ChPT and the large- N¢
expansion including resonances quoted previously, that is, by using the resonance form
factors explained in the previous section.
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4 Determination of 6R,/p
As it has been spotlighted in the introduction, the main aim of this work is to determine
RT/Pa

I' (1 — Pv:[y])
(P — pvuly])

R./p = = R))p(1+0R/p) = R p(1 + drp — Opy), (4.1)

0)

where R /P is the leading order contribution given in (1.2) and §R,,p captures the radiative

-
corrections. For some contributions it has been convenient to split the radiative corrections

into the contributions from the 7 and P decays, d;p and dp, respectively.

Structure-independent contributions. Considering the structure-independent (SI)
terms obtained with both virtual and real photons, we are able to reproduce the results
reported by Decker and Finkemeier [7-10]:

a [3, M? ms 3 m2 m
5 — — 00T —3loo—FL + Z Py | B 4.9
RT/P|SI It {2 Ogm% 3 OngP + 2 +9<M2> f<m2p ’ ( )
where g(x) and f(z) are given by

9(96)22GJr

T x(2—5x) 14z . x 3 4,

fo =2 (1

x x(8—5x) 14z, x (3 4,
logz — 2 ) log(1—z) — 207214 4 i) — 2 (24 2
087 ) og(l=w) = 5y logw + 47 Lha(2) — 1= (2 3T )

(4.4)
* log(l—t
with Lig(z) = — / dtOg(t). We agree with the numerical values reported in refs. [7-10]:
0

OR: /r|g = 1.06%,
R,k |g = 1.67%. (4.5)

From now on, errors are not reported for contributions where the uncertainties are negligible
for the level of accuracy of this analysis, that is, lower than 0.01%.
Note that G(z) and F'(x) of (2.37) and (3.4) can be related to g(x) and f(z) of (4.2) by
g(z) 19 x? 3 f(x) 13 x?

Gla) =52+ 2 = 5 F(z)=Jlogo+ ==+ = — = (4.6)

Structure-dependent contributions. As far as the structure-dependent (SD) contri-
butions are concerned, the case with real photons (rSD) for P — pv,y can be extracted
from (7.14) and (7.16) of ref. [13], namely:

S| o = —1.3-1075, Okl ap = —1.7-107°. (4.7)
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Meanwhile, for 7 — Pv,7 it can be read from ref. [25]:
Srn| gpy = 0.15%, 5ric| gpy = (018 + 0.05)%. (4.8)
This gives [11]

OR; /x| gp = 0.15%,
OR: /K| p = (0.18 £0.05)%, (4.9)

being the terms from the P decay negligible.
In the case of P,y the structure-dependent contribution with virtual photons (vSD)

can be evaluated using (3.4) and the numerical values for P given in table 1:

Srpl gpy = (0.54 +0.12)%, Sxcul gp = (0.43 £ 0.12)%. (4.10)

The completely new calculation that we have had to carry out in our theoretical framework
for the analysis of R;/p is the vSD contributions for 7 — Pr;. The relevant Feynman

diagram was shown in figure 3 and the intermediate steps were given in section 2.3.2 and
appendix A. We find

Orr| gp = —(0.48 +0.56)%, Ori| gp = —(0.45 £ 0.57)%. (4.11)
Now, using R, /p|vsp = 6-p|vsp — dpulysp it is found that [11]

OR: /| op = —(1.02 £ 0.57)%,
OR; k| qp = —(0.88 +0.58)%. (4.12)

A trustworthy estimation of the uncertainties in (4.11) is determinant, since it is the
most important source of error in 0R;/p. Note the difference between the theoretical
framework for the calculation of I' (P — pv,[v]) and I' (T — Pv.[v]):

1. In P2 decays the computation is performed in the context of Chiral Perturbation
Theory (ChPT), the effective field theory of QCD to be used at low energies and,
consequently, basically a model-independent calculation. As explained previously,
the only model dependence is the determination of the local counterterms and in
refs. [12, 13] it was done by matching ChPT with the effective approach at higher
energies, the large-N¢ extension including resonances we have quoted previously [19-
21]. From (3.4) and the value of cgp) given in table 1, it can be extracted that the
uncertainty of this estimation gives an error of approximately +0.11%.

2. In 7 decays, and because of the energy scale at hand, the calculation is done directly
with the large-N¢ extension of ChPT [19-21], so the matching procedure to estimate
the unknown counterterms is not possible in this case. The uncertainty of this deter-
mination, see (4.11), is £0.56% and £0.57% for the pion and kaon case, respectively,
to be compared to the +0.11% of P decays. Taking into account this impossibility of

following a matching procedure, we consider two sources to estimate the uncertainties

of 5TP’vSD:
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(a) First of all, and in order to assess the model-dependence of the effective approach,
we have combined the two scenarios explained in section 2.2, see appendix A.
Although we take as our main framework the more refined analysis of scenario
(b), summarized in the tilded form factors of (2.27) and (2.28) [25-27], we have
also calculated d,p| ¢, With scenario (a), summarized in the barred form factors
of (2.21) [25-27]. We have taken as our first source of error in (4.11) one half

of the deviation in J between the two scenarios, resulting in +0.22% and

TP |VSD
+0.24% for the pion and kaon case, respectively.

(b) Secondly, and in order to estimate the unknown local counterterms in §, p[VSD,
we use their dependences on the renormalization scale, which are known from
our calculation, see the divergences of appendix A. We have considered as the
second source of uncertainty in (4.11) one half of the running of the counterterms
between 0.5and 1.0 GeV, giving +0.52%. A similar procedure was followed
in ref. [6]. It is convenient to stress that we follow a conservative attitude in
this estimation: bearing in mind that the first resonances are included in the
theoretical framework for 7 decays, their counterterms are expected to be smaller
than in P,2; notwithstanding, with the effect of the running we account for here,
the counterterms affecting p#]VSD imply similar corrections to the estimation

we consider in J This can be understood as a subsequent check, that

~Plysp-
considering further running of the counterterms is not physically motivated.

Adding quadratically these two uncertainties, one gets the errors of (4.11): +£0.56%
and +0.57% for the pion and the kaon case, respectively. It is interesting to stress
that although the loop integrals with resonances used in the vSD contributions for
P, and 7 decays are related, the consequent correlation between the uncertainties
in these decays is negligible, once the uncertainty in 7 decays comes mostly from
the estimation of the counterterm and dominates completely the ratio, compare the
uncertainties in (4.10) and (4.11).

Final result. We show a summary of the different contributions to dR./p in table 2,
which lead our final result [11]:

IR, /x = (0.18 £ 0.57)%,
SR, /i = (0.97 £ 0.58)%. (4.13)

As it has been explained previously, the dominant uncertainties come from 6, p|VSD.

It is worth comparing our result with refs. [7-10], 0R, /. = (0.16 £0.14)% and 0 R, /i =
(0.90 £ 0.22)%. We want to highlight that although their central values agree remarkably,
this is solely a coincidence, since the one-sigma confidence intervals overlap only at the
25(38)% level for the m(K) case; in our opinion uncertainties were underestimated in
refs. [7—10], having approximately the size expected in a purely Chiral Perturbation Theory
computation [12, 13], much more model-independent than this calculation, where resonances
need to be included taking into account the mass of the 7. Moreover, as it has been remarked
in the introduction, the hadronization of the QCD currents of refs. [7-10] is different for
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Contribution OR /7 OR: K ref.
ST +1.05% +1.67% [7-10]
rSD +0.15% +(0.18 £0.05)% | [12, 13, 25]
vSD —(1.02+0.57)% | —(0.88 £0.58)% | new [11]
Total +(0.18 £0.57)% | +(0.97 £0.58)% | mnew [11]

Table 2. Numerical values of the different photonic contributions to dR,,p: Structure Independent
(SI), real-photon Structure Dependent (rSD) and virtual-photon Structure Dependent (vSD) [11].
We do not report uncertainties for contributions where the errors are lower than 0.01%.

real- and virtual-photon corrections, does not satisfy the high-energy behavior dictated by
QCD, violates unitarity, analyticity and the chiral limit, and a cutoff is used to regulate the
loop integrals, splitting artificially long- and short-distance regimes. A comparison between
the results for the different contributions to 6 R; /. obtained in the present work and the
one of refs. [7-10] is given in appendix B.

5 Applications

5.1 Total radiative corrections to 7 — Pv,[y]| decays

A remarkable application of our results is to report the total radiative corrections of the
individual 7 — P, [y] decays,

o 3o m
Lrpay = TS0, SEW{l +- G(m%/Mf)}{l — 5 log ﬁp +0-p|gp T 6TP|VSD}

= Fg})a)z SEw (1 + 5TP> ; (5.1)
where the tree-level result Fﬁ% was shown in (2.38) and Sgpw = 1.0232 denotes the
resumed universal short-distance electroweak corrections [6]. Taking into account (4.6), it is

straightforward to extract the total radiative corrections including all remaining radiative
ST and SD corrections 4, p,

2 2
o« mp 19 27 mp
@P-'%Jg<ﬂ@>*433bgM;*&PmD+5ﬂ«ﬂy (5:2)

By using (4.8) and (4.11), it is found [11]
5r = —(0.24 £ 0.56)%, S5 = —(0.15 = 0.57)%. (5.3)

5.2 Lepton universality test

In the introduction we stressed that the main motivation in order to determine R, /p was
to test the lepton universality via (1.1),

2

Lir = Pury) R (1 + 6R,p), (5.4)

T = TP = b))

Ir
m
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(0)
/P

Considering our results reported in (4.13) and the current experimental data [16], we find [11]

where the leading-order result R/, was given in (1.2) and |g-/g,| = 1 according to LU.

Z—T = 0.9964 =+ 0.0028}, = 0.0025¢xp, = 0.9964 + 0.0038,

I v

g—T = 0.9857 4= 0.0028}, == 0.0072¢xp = 0.9857 = 0.0078, (5.5)
KK

at 0.90 and 1.80 of lepton universality, respectively. These results should be compared with
the HFLAV analysis of ref. [14], |g-/g,|,. = 0.9958 +0.0026 and |g;/g,|, = 0.9879 +0.0063,
at 1.60 and 1.90 of LU (1.40 and 2.0c0 in ref. [15], making use of the PDG input [16]). Let
us stress again that § ./ p was taken from refs. [7-10] in refs. [14, 15]. Note that our results
are approaching LU.

5.3 CKM unitarity test
The CKM unitarity can be tested by considering the ratio

I(r = Kvily) _
L(r = mvrl])

Vs
Vud

> FE (1= mi/M2)?
F2 (1= m2 M2)?

™

(1+9). (5.6)
From (5.1) one can determine § easily by using our values of (5.3),
0 =06k —0;p=(0.10+£0.80)%. (5.7)

Taking masses and branching ratios from the PDG [16] and meson decay constants from
the FLAG analysis [60], F/F; = 1.1932 £+ 0.0019, one gets [11]

Vius
ud

= 0.2288 1= 0.0010¢p, £ 0.0017exp = 0.2288 £ 0.0020, (5.8)

which is 2.10 away from unitarity if we consider |V,,4| = 0.97373 £ 0.00031 from ref. [61]. It
is convenient to stress that again we have taken a conservative attitude in the estimation
of the errors in (5.7), for we have directly propagated those of (5.3). Alternatively, by
recalculating directly the uncertainties of the difference 6,5 — d,p, that of (5.7) drops
to £0.05%, which would imply £+0.0004¢, and +0.0018 in (5.8). The experimental error
dominates, so the change is negligible and |V,5/V,4| moves from 2.10 to 2.20 away from
unitarity, an insignificant shift. Our result of (5.8) is compatible with the value reported
recently in ref. [62], |Vis/Vua| = 0.2291£0.0009, obtained in the context of kaon semileptonic
decays; note that our error does not reach this level of uncertainty due to the lack of statistics
in 7 decays, being this an important motivation to improve the related measurements in
Belle II [63].
Instead one can extract |Vys| directly from the 7 — Kv,[y] decay,

ey =T, Sew (1 - 5TK) : (5.9)
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being FQQ the tree-level result, which was given in (2.38). Considering masses and branching
ratios from the PDG [16], meson decay constants from the FLAG analysis [60], vV2Fx =
(155.7 £ 0.3) MeV, Sgw = 1.0232 from ref. [6] and our value of d,x in (5.3), it is found [11]

|Vius| = 0.2220 £ 0.0008;, & 0.0016¢x, = 0.2220 £ 0.0018, (5.10)

at 2.60 from unitarity by considering again |V,q| = 0.97373 £ 0.00031 from ref. [61]. We
can compare these numbers with the result reported in ref. [14], |V, = 0.2234 £ 0.0005, £
0.0014exp = 0.2234 £ 0.0015, at 1.30 from unitarity. The different experimental inputs are
mostly responsible for these disagreement. Note that again (5.10) is compatible with recent
ref. [62], |V,s| = 0.2231 £ 0.0006, obtained by considering kaon semileptonic decays.

5.4 Probing non-standard interactions

One can also use our results to search for non-standard interactions in 7 — Pu,[y] decays,

Vup
VuD

2

I(r — Puv,;[y]) =T Sew (1+ 6,0 +2477) (5.11)

P2

being FS?D)Q the tree-level result, given in (2.38), and D = d, s for P = 7, K, respectively. A™F
includes the tree-level new-physics corrections not absorbed in V,,p = (14€5+€%)Vup [22, 23],
directly incorporated by taking V,,p from nuclear 8 decays,

2

Tp b (5.12)

AP =T — ¢ - —— P
L L R R
MT(mu—i—mD

Considering again |V,4| = 0.97373 £ 0.00031 from ref. [61], masses and branching ratios
from the PDG [16], meson decays constants from the FLAG analysis [60], v2F, = (130.2 +
0.8) MeV and v2Fx = (155.7 4+ 0.3) MeV, Sgw = 1.0232 from ref. [6] and our values of
d-p and |Vis/Vigl in (5.3) and (5.8), respectively, one finds [11]

AT = —(0.15+0.72)%, ATE = —(0.36 £ 1.18)%, (5.13)

which update the results reported in ref. [22], A™ = —(0.15 £+ 0.67)%, and in ref. [23],
A™ = —(0.12 4 0.68)% and AT = —(0.41 + 0.93)%. Note that all these numbers are
consistent with each other and compatible with zero. The values have been given in the
MS-scheme and at a scale of u = 2 GeV.

6 Conclusions

There were both phenomenological and theoretical reasons to address the study of R, /p
(P = m, K). First of all, we are facing a very convenient observable to test the lepton
universality and in the literature there are some disagreements in |g,/g,| depending on the
process at hand. Secondly, we have highlighted some inconsistencies in the analysis performed
in refs. [7-10]. Although our result, 6 R, /. = (0.18 £ 0.57)% and 6 R, /x = (0.97 £ 0.58)%,
is consistent with the result reported more than twenty-five years ago in refs. [7-10], our
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approach has much more robust assumptions, resulting in a reliable uncertainty. As a by-
product of our main analysis, we report the theoretical radiative corrections in 7 — Pv;[7]
decays: d-r = —(0.24 £ 0.56)% and d,x = —(0.15 £ 0.57)%.

We have applied our results to different themes:

1. Lepton universality test. Our values of §R,/p imply |g; /gyl = 0.9964 & 0.0038 and
|97/ gul e = 0.9857 £ 0.0078 (at 0.90 and 1.80 of lepton universality), to be compared
to the results of the HFLAV analysis of ref. [14], |g-/g,| = 0.9958 & 0.0026 and
|9+/9ul e = 0.9879 £ 0.0063 (at 1.60 and 1.90 of lepton universality), obtained by
using the value of 6R,/p given in refs. [7-10].

2. CKM unitarity test. By considering the 7 decays studied in this work, we have
extracted the CKM elements |V,s/Vyq| = 0.2288 £0.0020 and |V,,s| = 0.2220 £ 0.0018,
at 2.10 and 1.50 from unitarity, respectively.

3. Searching for non-standard interactions. We have constrained the new-physics correc-
tions to 7 — P, [y] decays, A™™ = —(0.1540.72)-10~2 and A™® = —(0.36+1.18)-1072,
compatible with the values reported in refs. [22, 23].
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A One-loop functions for vSD contributions to 7 — Pv, decay

The Feynman rules necessary to describe the effective structure-dependent vector and
axial currents, represented by the gray shaded box in figure 3, were obtained directly from
egs. (2.5) and (2.6), respectively.

For completeness, we report here the definition and decomposition of Passarino-Veltman
functions [64] appearing in the computation of the virtual-photon structure-dependent (vSD)
corrections to T(pT) — P(p)v-(q) described in the main text. For D = 4—2¢, and introducing
po = 0 and pm (pi — pj)?, we have the following definitions:

e Two-point functions

T6m Q{Bo, , B} (args)s = / D{ qmququ}l_[

Q+pz) mg]’

where (args)s = (p3y, mg, m?).
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e Three-point functions

b
1672

dPq 2 1
Co,Cp, Cpvs Crvp p(args)s = 26/ 1, qu, Vs v )
{Co, Cpi Cpuw, Cuvp } (args)s = pu (27r)D{ Q> Qv 4pd qp}g) [(q+p)2 —m2]

(A.2)

where (args)3 = (p%Oap%Q)p%m m(%v m%’ mQ)'

¢ Four-point functions

i dPq
72{1)07 Duy D,uua D;UJ[N Duupa}(args)4 = NQE / D {17 Q> 9u9v, udv9p, quVQ,Oqo'}
167 (2m)
3 1
X (A.3)
il;[O [(q+pi)? —m3]’
where (args)4 = (p%(]ap%%p%?)vp%o’pgovp%& ma,m%,m%,mg).
The above general fuctions can be decomposed as follows
Bu = pluBla
Buy = g,uVBOO +p1up1,,Bll- <A4)
Cy =p1,C1 + p2,Co,
2
Cuy = Q,WCOO + Z pzupjyc’bja
ij=1
2 2
Cuvp =Y N, Covi + Y iP5, Dk, Ciji- (A.5)
i=1 i,j,k=1
3
Du = Zpi#Dia
i=1
3
Dy = guvDoo + Z i, pj, Dij,
ij=1
3 3
Duvp =3 Nip,Dovi + > pi,0j, Pk, Dijks
i=1 i,4,k=1
3 3
D/U/pa = )\uupO'DOOOO + Z )\ijquUDOOij + Z p,uipl/jppkpalDijklv (A6)
,7=1 i,5,k,0=1

with the definitions Aypo = 9uw9ps + GupGve + GuoGvps Nipwy = GuwPi, + JupPi, + GpuPis s
Aijpnpe = JuPipPjs + GuoPinPic + GupPivPis + GuoPinPj, + JuoPliuPiy + YpoliuDjy -

We have cross-checked our results using both Feyncalc [65] and Package-X [66]. Here,
we reported the shortest, among equivalent, expressions. Analytical expressions for the
scalar and the Passarino-Veltman functions can be obtained in principle directly with
Package-X. Nevertheless, for compactness, we preferred to evaluate them directly using
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the package Collier [67]. We introduce the following notation to distinguish functions with
different arguments appearing in our results. For two-point functions (a,b =0,1)

B{a,ab}(argS)Q = B{a,ab} (Mza 0, M‘E)y
B{a,ab} (args)z = B{a,ab} (07 M,%a M3)7
B?a,ab} (argS)Q = B{a,ab} (Mfa MX2/7 ME) (A?)

For three-point functions (a,b,c =0, 1,2)

é{a,ab,abc} (args)3 = C{a,ab,abc} (m%% ME? 0, m%, MX2/7 M3)7
C~1{a,ab,abc} (args)?) = C{a,ab,abc} (07 Mgv M727 0, M\2/7 Mz)v
Cfa,ab,abc} (args)3 = C{a,ab,abc} (Mfa 0, m%’? 0, ME? Mi) . (AS)

For four-point functions (a,b,c,d,e = 0,1,2,3)
D (args)y = D (M2, M?,m%,m%,0,0,0, M2, M2, MZ)
{a,ab,abc,abed,abede} g5)4 {a,ab,abc,abcd,abede} 7y Ve, T p, T py Uy Uy Uy IVl DMy IV )y
N 2 2 2 2 2 2 2
D{a,ab,abc,abcd,abcde} (args)4 = D{a,ab,abc,abcd,abcde} (M’T' ) MT yMp, Mp, 0,0,0, M7'> MV? MA) .
(A.9)

Considering the above definitions, we have that:

o The relevant one-loop contributions for scenario (a), obtained by considering the form
factors of (2.11) and (2.21), read

() 1V 22 (B 1)‘ B 5M2}
fv 247r2Fp{<mP T> ntg 6 ootz Mz,
(@ _ Fi

5t {2(Mfl—m%)C’g—2(M72+Mi)(01*+02*)+330+2]§0—4},

~9Fp

~ ~ ~ - ~ ~ 7
fB = 2Fp{BaMz [Cl+2(022*0222)] +m%300 +4 (30002*2000) +3}, (A.lO)

where we follow the notation of section 2.3.2 and we use the superscript (a) for scenario
(a). The divergent parts of the above expressions are

2 2 2
(a) —N, mp — 4M7 (a) 5F% 4
= A = ——4A w = —4FpA, A.11
delV 247T2 FP ( 3 3 fAle 2FP 5 de P ( )

where A = 2uP~4/(4 — D) — ygyler + log 4n.

Note that the counterterm appearing in ¢, needs to cancel these divergences, so if

P|VSD
one is dealing with scenario (a), one has to consider

« _ a a
=GPV My () (1+95) ulpr) (Al + Ttk + foan) (A12)
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o For scenario (b), taking the form factors of (2.11), (2.27) and (2.28), we have that:

p  —N.ME

7 W’ZFZ |(m}—M2)(Di3+D11)~6Dgo] ,
b b b b

19 = 1+ 8+ 14,

F ~ ~ ~ - 8
f,glbl) = 7]3 {4M30222—|—2m2p022+240002—4000+3] ;

b F} a
18 =2 11,
A

f,glbg) =5 [Mf (—4D1111 +8D11111+24D11113—8D1113+24D11133+4D113—4D1133

+8D11333—2D13 +4D133) +mp (— 3D11 —2D111+8D11133—14D113—4D1133
+24D11333 —4D13—26D133—8D1333+24D13333 +3D3+ D33 — 14 D333 — 4 D3333

+8D33333> +M3m% (— 8D111+16D11113—8D1113+48D11133—20D113— 16 D1133
+48D11333 —8D133—8D1333+16D13333 —3D3—4 D33 +4D333> +4M> (— Do
+ Doo1 — 12Dgo11 +32Doo111 +64Doo113 — 12 Doo13 +32Doo133 +6D003)

+2m% <5D00 —20Dqo1+64 D113 —24Doo13+128 Doo133 — 30 Doo3 — 24 Dooss

+ 641—700333) —96Doooo +384Donoo1 + 384 Doooos + 16] ) (A.13)

where the functions fngl) , fﬁle) , and fﬁlbg come from the first, second, and third term of
the axial form factor defined in (2.28), respectively. Again, we use the superscript (b) for
scenario (b). Note that fp does not change comparing to scenario (a), and this is the
reason why we do not repeat it. Note that f‘(/b ) is free of UV divergences, whereas the

UV divergent parts of the fxgbl) , fﬁle), and fsg functions are

3F
f1(4b1)div == 2PA7 fjgle)div = 5FPA7 fx(4b3)div = _6FPA' (A14)

The counterterm appearing in ¢ needs to cancel these divergences, so if one is

TP’VSD
dealing with scenario (b), one is required to consider the divergences given by

(67 _
- GrVap My a(a) (1+95) u(pr) (Flsy + Fliase + i + fraw) - (A1)
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Contribution | refs. [7—10] [peut = 1.5 GeV] | Present calculation
SI +0.84%* +1.05%
rSD +0.05% +0.15%
vSD —0.49%" (102 +0.57)%
short-distance —0.25%* 0
Total +(0.16 + 0.14)%" +(0.18 £ 0.57)%

Table 3. Comparison of photonic contributions to 0R; /.. Figures with an asterisk are cutoff-
dependent, with peyt = 1.5 GeV [7-10]. The quoted error in the radiative correction of refs. [7—10]
arises from uncertainties in hadronic parameters of SD contributions and from variations in the
cutoff parameter, ficys.

B Comparison with results of refs. [7-10]

Previous calculations of 6 R,/ p were given in refs. [7-10]. Following a prescription introduced
by Sirlin [68], these authors have used a modified photon propagator

1 1 qut 1
_ . + (B.1)
k2 — N2 k2 — N2 :ugut — k? k? — luzut
long-distance short-distance

to separate the long- and short-distance photonic contributions. The structure-independent
(SI) and structure-dependent (SD) virtual corrections were computed using the first term
of eq. (B.1) in terms of hadronic degrees of freedom, while the short-distance corrections
were computed using the second term. As a result, virtual corrections to R, /p become
pent-dependent [7-10].

In table 3 we compare the different contributions to dR; ;. obtained from table 3 of
refs. [7-10] and our calculation.® For the SI contribution in refs. [7-10] we have added to
the result obtained in the point-like approximation (1.05%) the term coming from cutting
off the loops at picut (—0.21%), also reported in table 3 of refs. [7—10]. Results corresponding
to R, are not provided in refs. [7—10] which prevents a comparison.

We observe that, although central values for the sum of different corrections agree
remarkably, this is a mere coincidence. In particular, central values for the structure-
dependent corrections are largely different within both approaches.

®Note that with the original relative sign between IB and SD contributions in ref. [32] (see also our
footnote 1), their rSD correction reads +0.17% (see table 2 in ref. [32]), much closer to our value of +0.15%.
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